We show for the first time that it is possible to realize laser beam focusing at the few-photon level in the four-wave-mixing process, and at the same time, reducing the quantum uncertainty in width. The reduction in quantum uncertainty results directly from the strong suppression of local intensity fluctuations. This surprising effect of simultaneous focusing and reduction of width uncertainty is enabled by multi-spatial-mode squeezing, and is not possible via any classical optical approach or single-spatial-mode squeezing. Our results open promising possibilities for quantum-enhanced imaging, bio-sensing and metrology including measurements of nanometer displacement.
Introduction. It is well known that a laser beam can be focused via classical linear or nonlinear optical techniques, e.g., lens or self-Kerr effects [1] . As the laser intensity decreases to the few-photon level, focusing can only be possible via linear optics since nonlinear effects become negligible. However, at the few-photon level, the quantum intensity fluctuations which leads to the laser beam width uncertainty becomes critically important. The uncertainty scales as w 0 / √ N with w 0 and N being the beam width and photon numbers respectively [2, 3] , i.e., the weaker the laser beam becomes, the stronger the width uncertainty will be. Obviously, classical approaches based on linear optics can be only used to focus the beam but is unable to reduce the width uncertainty. It thus significantly limits its applications in quantum-based precision measurements where only veryweak light at the few-photon level is allowed in order to avoid damages, for example, in biological systems [4, 5] .
In recent years, multi-spatial-mode (MSM) quadrature squeezing, which explores the transverse spatial degree freedom of light, has received intensive investigations due to its promising applications in a variety of directions such as quantum entanglement and information [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , ultra-sensitive measurement of nanometer displacement [18, 19] , quantum-enhanced metrology like sub-shot-noise or super-resolution quantum imaging imaging [20] [21] [22] [23] and detection of gravitational waves [24] [25] [26] . In general, MSM squeezing involves a large number of squeezed spatial modes, implying localized spatial squeezing and thus reduction of local intensity fluctuation. A series of elegant experiments have been performed to demonstrate MSM squeezing in atomic system [27] [28] [29] [30] [31] [32] [33] . It is straightforward to envision that MSM squeezing would result in stronger suppression of local intensity fluctuations in the transverse plane [34] and thus reduction of beam width uncertainty.
Here we demonstrate a surprising effect enabled by MSM squeezing, which is, focusing of a very weak laser beam at the few-photon level and simultaneously remarkable reduction of beam width uncertainty due to the strong suppression of local intensity fluctuation. Our scheme is specifically explained in a conjugate four-wave mixing process in atomic gases, but should be also possible in other systems.
Theoretical model. As shown in Fig. 1 , our scheme to realize beam focusing is implemented in a conjugate four-wave mixing process [9, 10, 27, 32, 33, [35] [36] [37] [38] [39] . The interacting Hamiltonian can be written aŝ
where N is the number of atoms in the quantization volume of length L. g j is the coupling coefficient for the quantum probeâ which is defined as g j = µ j E p / with µ j being the dipole moment of the corresponding transition and E p = ω p /(2 0 V ) the electric field of a single probe photon (j ∈ {32, 41}). Here for simplicity g j is assumed to be real and also we will set g 32 = g 41 = g in the following. Here we have further simplified the collective atomic operatorsσ ij (r, t) = n |i n (t) j n (t)|δ(r − r n ) aŝ σ ij with δ(r − r n ) being the Dirac delta function. Ω cj (j ∈ {1, 2}) are the Rabi frequencies of the classical control fields respectively.
are the detunings for the corresponding fields, and ∆ = ∆ c1 −∆ p is the two-photon detuning between Ω c1 andâ, here we assume 2ω p = ω c1 +ω c2 , leading to ∆ p = (∆ c1 +∆ c2 +ω 21 +ω 43 )/2 where ω ij = ω i −ω j . In the Hamiltonian, we have also assumed the two control fields are much stronger than the two quantum fields such that they can be considered as classical. Furthermore, since the control fields are chosen to be far-detuned from the atomic transition, their propagation in the medium would be the same as in vacuum where only free-space diffraction needs to be considered. Considering the continuous wave limit, the propagation equations for the quantum fieldâ reads
23 (r) +σ
here ∇ 2 ⊥ introduces the paraxial diffraction which would de-focus the probe in spatial domain.σ 
χ j (r) with i ∈ {l1, l2, n1, n2} describes respectively the linear and nonlinear susceptibilities of the atoms whose exact expressions are usually complicated depending on the laser parameters and are given in the Supplement Material (SM). Furthermore, all χ j (r) are now spatialdependent, not only on the transverse coordinates r ⊥ but also the propagation direction z since we have considered a spatial-distributed control field Ω c1 (r). And F 1 (r) andF 2 (r) are the corresponding quantum noise terms respectively. In the following, we will consider the case when the laser parameters are tuned such that the linear and nonlinear absorptions are negligible, thus we may first drop the quantum noise terms. Note here we have assumed the phase-matching condition in the z direction k c1z + k c2z = 2k pz with k jz being the propagation wavevector of the field j (j ∈ {c1, c2, p}). Then the wave equation is modified to
where we have rescaled the spatial coordinates as ξ = r ⊥ /S ⊥ and ζ = z/S z with S z = k p S 2 ⊥ , and χ j = g 2 N S z (χ j1 + χ j2 )/c with j ∈ {l, n} are real functions. Apparently, it is impossible to obtain an analytical solution for the wave equation (4), even a numerical calculation turns out to be already very challenging due to the spatial-dependent susceptibilities. Nevertheless, we have managed to numerically solve Eq. (4) based on the decomposition of the quantum fieldâ(ξ, ζ) into a complete set of orthogonal spatial modeŝ
where a j (ζ) is the annihilation operator at propagation distance ζ for the jth spatial mode u j (ξ, ζ) satisfying
In principle, {u j (ξ, ζ)} can be any complete set of functions satisfying the orthogonal relations. For the sake of simplicity, here u j (ξ, ζ) is chosen as the eigenfunctions of the paraxial wave equation, i.e., (∂ ζ − i∇ 2 ξ /2)u j (ξ, ζ) = 0 such that the diffraction term can be canceled out, leading to
with N being the number of modes needing to be considered. And
is the propagation matrix determining the output quantum field. C(ζ) and D(ζ) are defined as follows
with p, q ∈ {0, 1, · · · , N − 1}, and we have c pq = c * qp and d pq = d qp for real χ l and χ n . Then the formal solution of Eq. (6) can be given aŝ
Furthermore, the effective Hamiltonian for Eq. (6) can be written aŝ
H eff clearly shows that each spatial mode is coupled to all modes including itself, where the first terms indicate photon redistributions between different modes due to the excitation of higher modes and account for classical physics like the optically induced waveguide effects, and the second terms introduce the quantum effects, i.e., quadrature squeezing for all modes and account for all the quantum effects that will be illustrated below including beam focusing, enhanced reduction of local intensity fluctuation, and reduction of beam width uncertainty. Practically, it is convenient to choose the control field Ω c1 to be a fundamental Hermite-Gaussian beam, i.e.,
with the propagation dependent width w c (z) = w c 1 + (z/z C ) 2 , radius of curvature R c (z) = (z 2 +z 2 c )/z and the Gouy phase φ(z) = arctan(z/z C ), here z C is the associated Rayleigh length. The choice of a Gaussian control beam will lead to a fully symmetric spatial distribution in the transverse plane for an input Gaussian probe, sufficing us to only consider the 2D (x, z) propagation dynamics. In order to realize beam focusing, here we chose the spatial size of Ω c1 (r ⊥ , z) as w c = 0.8w p which is smaller than that of the probeâ. Furthermore, the input Gaussian probe is assumed to be in a coherent state, i.e., â j = α 0 δ j0 with α 0 being the amplitude. We have also chosen the Hermite-Gaussian mode basis for u j (ξ, ζ) and set N = 40 at which the numerical solutions have already converged. The numerical results are shown in Fig. (2). Fig 2(a) plots the field
for a short distance L = 0.126z R with z R = 7.9 cm being the Rayleigh length for the quantum probe, it can be seen that the laser beam is gradually focused and amplified during propagation. To be more clearly, we have plotted the input and output probe in Fig. 2(b) where the output probe have been focused to a spatial width Ŵ (L) 0.55w p , here the width is defined in terms of the spatial variance of the intensity distribution as follows according to Ref. [3] W (ζ) = 1
where f (ξ) is a measure function which here is chosen as
It should be noted W (ζ) has the dimension of an area but not of a length under this choice. In principle one can also consider different appropriate measures f (ξ) [3] . As mentioned above, the control field Ω c1 is taken to be smaller than the probe in beam size, meaning that parts of the probe lie outside the optical waveguide induced by Ω c1 . Thus in the classical picture the probe should not be focused. In order to exclude the possibility that the beam focusing is indeed not induced by classical waveguide effects, we have also calculate the classical field propagation dynamics as shown by the red dashed line in Fig. 2(b) . Evidently, the output field spreads and is totally distorted when only taking the classical dynamics into account, due to the excitations of higher-order spatial modes. However, the situation is essentially different in the quantum regime where all excitations are accompanied by quadrature squeezing. As demonstrated by the blue solid line, the quantum probe is considerably narrowed in width. Additionally, the probe is significantly amplified as illustrated by the magnificent factors for the input and classical output probes.
The beam focusing can be understood directly in terms of local MSM squeezing in the transverse plane as further shown in Fig. 2(c) and (d) where we plot the squeezing as a function of the waist and central position of the local oscillator (LO) with Gaussian distribution f LO (x 0 , x) ∝ e (x−x0) 2 /(2w 2 l ) respectively. Here the degree of squeezing S is defined as S(x 0 , ζ) = 10 log 10 ∆P 2 (x 0 , ζ)
. As can be seen from Fig. 2(c) , for w l = 0.3w p the squeezing for the output probe reaches the maximum at the central area, and then oscillates and eventually decreases gradually to 0, meaning stronger amplification in the probe center as compared to the two wings, and consequently the beam focusing. It should be emphasized here the beam focusing is not possible for single-mode squeezing where the beam width should remain as a constant as suggested by Eq. (11). Furthermore, the spatial oscillation in squeezing can not be observed in single-mode squeezing where squeezing should decreases monotonically as LO shifts away from the probe center, and this is indeed due to the interference between squeezing of different spatial modes. In order to show the MSM nature of squeezing more clearly, we reduce the LO waist to w l = 0.2w p where stronger spatial oscillations can be seen. We also calculate the squeezing against the ratio between the spatial size of the LO and that of the probe also shown in Fig. 2(d) . It can be seen that the degree of squeezing reduces rapidly as w l /w p . Again, depending on the spatial location of the LO, the squeezing degree will be different due to the interference between different modes as we explained above. The MSM nature of squeezing in the system does not only result in beam focusing, but also remarkable reduction of beam width uncertainty and local intensity fluctuations as depicted in Fig. 3 . In Fig. 3(a) , we calculate the relative reduction of beam width uncertainty ∆Ŵ 2 / Ŵ for the output probe as a function of the amplitude of the coherent incident probe |α|. As a comparison, we also compute the width uncertainty for a single fundamental Hermitian-Gaussian mode which is in either coherent or squeezed state. The squeezed coherent state is chosen to be squeezed in amplitude which results in maximal reduction of width uncertainty (see SM). As compared to the case of single-mode squeezing of -13.7 dB which is the strongest degree of squeezing that can be obtained in the case of w l = w p in our results as sown Fig. 2(d) , the relative reduction is always more pronounced in the case of MSM squeezing as shown by the blue solid line in Fig. 3(a) . In particular, for very weak incident probe at |α| = 1, the relative width uncertainty is significantly reduced to 47.9% which is smaller than 77.4% or 86.6% for single-mode squeezed or coherent states respectively. One should be noted that the absolute reduction of width uncertainty in our result should be approximately doubled since the width of the output probe is reduced to 0.55w p . The underlying physics is that the MSM squeezing leads to a much stronger suppression of local intensity fluctuation in the central area of the probe which determines the width uncertainty, in contrast to the single-mode case as plotted in Fig. 3(b) , consequently a remarkable reduction in the width uncertainty which is a weighted summation of the local intensity fluctuation according to Eq. (11) can be obtained.
Discussions and Conclusions.
Further enhancement on the beam focusing and reduction of width uncertainty can be expected by tuning the laser parameters including beam width, detuning and intensities of the control beam Ω c1 (x, z), as well as the atomic density. For example, the probe beam may be further tightly focused by employing a control Ω c1 (x, z) with much smaller spatial size, provided that the stronger diffraction of the smallsized Ω c1 (x, z) can be reduced. This would require to use atomic sample of short length, which in turn would require higher atomic density to get accountable amount of MSM squeezing which ensures stronger beam focusing and reduction of width uncertainty. However, in general, a reliable prediction will be very difficult to make, considering that a large number of spatial modes are involved and it is in general a many-body problem with "time-dependent" interaction between them as indicated by Eq. (10).
In our model, we have restricted ourself in the paraxial regime for proof-of-principle demonstration of simultaneous beam focusing and reduction of width uncertainty. In general, extension to the non-paraxial regime should be possible. However, the numerical calculation will be extremely complicated. As we have mentioned earlier, even in the paraxial regime the numerical simulations become already very challenging.
We have demonstrated the unexpected and surprising effects of simultaneous beam focusing and remarkable reduction of width uncertainty via MSM squeezing in a conjugate FWM process. The beam focusing is achieved due to the MSM squeezing which leads to inhomogeneous spatial squeezing in the transverse plane. Furthermore, the considerable reduction of width uncertainty is due to the localized spatial squeezing which reduce significantly the local quantum fluctuations. Our results can be very useful in quantum metrology and precision measurements such as detection of very small displacement of particles in biological system where only weak quantum light is allowed. 
